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We prove that in a finite projective plane P, the thick semiovals admitting a 
flag-transitive group induced by Aut P are the sets of absolute points of Hermitian 
polarities. 0 1991 Academic Press, Inc. 
1. INTRODUCTION 
A linear space is an incidence structure of points and lines such that any 
two points are incident with exactly one line, any point being incident with 
at least two lines and any line with at least two points. Within a linear 
space S, we shall often identify a line L with the set of points incident with 
L and define the size of L to be the number of points of S incident with L. 
The degree of a point x of S is the number of lines of S through x. S is 
called regular, or more precisely (u, k)-regular, if it has a finite number u of 
points and if all its lines have the same size k (such spaces are 2 - (u, k, 1) 
designs). 
Let P be a projective plane with point-set P. Given a subset S of P, a 
line L of P is called exterior, tangent or secant according as 1 L n SI = 0, 1 
or 22. If S is not contained in a line of P, we denote by S the linear 
space induced on S by P: its points are those of S and its lines are the 
(intersections with S of the) secants. S is a semioval [4] iff S is nonempty 
and every point of S is on exactly one tangent. An oval (resp. thick 
semioual) is a semioval meeting all secants in only two (resp. at least three) 
points. Note that if S is a thick semioval, then for every x E S the set S\ (x> 
is still a semioval. A semioval S is (u, k)-regular iff S is (u, k)-regular. The 
set S of absolute points of a Hermitian polarity in PG(2, q2) is a thick 
(q3 + 1, q + 1 )-regular semioval, the linear space S is then called a 
Hermitian unital of order q and will be denoted by U,(q). 
A flag of a semioval S is an incident point-line pair of S. We investigate 
here the finite flag-transitive semiovals, or more precisely the triples 
(P, S, G), where S is a semioval in a projective plane P and G < Aut P 
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stabilizes S and acts transitively on the flags of S. The problem splits into 
two parts, according as S is an oval or not. The determination of the 
2-transitive ovals is still an open problem, briefly discussed in Section 5. 
However, we completely classify the finite thick flag-transitive semiovals. 
THEOREM 1. Let S be a thick semioval in a finite projective plane P. If 
G < Aut P stabilizes S and acts flag-transitively on S, then P = PG(2, q*), 
S E U,(q) and G is any subgroup of PTU(3, q) acting 2-transitively on S. 
The main ingredients of our proof are results on flag-transitive linear 
spaces [S, 63 and Theorem 2 below, where the flag-transitivity assumption 
is weakened to line-transitivity. 
THEOREM 2. Let S be a thick semioval in a finite projective plane P. If 
G < Aut P stabilizes S, is secant-transitive and has a minimal normal sub- 
group T which is elementary abelian and acts regularly on S, then S is the 
set of absolute points of a Hermitian polarity in P = PG(2,4), so that 
S = U,(2) E AG(2,3) and G is any 2-transitive subgroup of Aut AG(2,3) = 
AGL(2,3) E Pf U(3,2). 
Finally let us mention that the analogous problem in higher dimensions 
is completely solved. Indeed, Thas proved that if S is a semiovoid in 
PG(d, q) with d> 3, then d= 3 and S is an ovoid [ 191. Hence flag- 
transitivity on S means 2-transitivity on S. Results of Barlotti, Panella, and 
Tits [8, 1.4.5C1.4.571 show that the finite 2-transitive ovoids are the 
elliptic quadrics and the Suzuki-Tits ovoids. 
2. COMBINATORIAL LEMMAS 
LEMMA 1 (Hubaut [ 111). Zf S is a semioval of v points in a projective 
plane of order n, then n + 1 < v < n & + 1. Moreover 
(i) v=n+l zffSisanova1 
(ii) v =n fi+ 1 iff S is a unital of order & (i.e., a 2 -(n &+ 1, 
fi + 1, 1) design). 
From now on, S will be a (v, k)-regular semioval in a finite projective 
plane P of order n. Lemma 1 is then easier and states that 2 6 k < & + 1 
because v = n(k - 1) + 1. For every x E P\ S define Y to be the intersection 
with S of the union of all tangents through x. The nonexterior lines 
through x are either secants or tangents, so that lxnl = v (mod k). 
Moreover xIT = S iff all tangents are concurrent in x, which forces S to be 
an oval in a plane of even order. Therefore we assume in what follows that 
either S is thick or n is odd, so that S together with the sets xn having at 
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least two points forms a linear space n: (which does not necesarily coincide 
with S, but is isomorphic to the linear space induced by the dual plane P* 
on the set O* of all tangents). Since every x E S in on one tangent 0(x) and 
since 0(x) has n points in P\S, the point-degree of R is n (and so O* is a 
semioval in P*) whenever u f 1 (mod k). In particular, if k 1 u, then n: has 
v = n(k - 1) + 1 points, all of degree n, and all its line sizes are multiples of 
k, so that A is also a 2 - (v, k, 1) design (i.e., 0 * is a (v, k)-regular semioval 
in P* ). This proves 
LEMMA 2. Let S be a (v, k)-regular thick semioval. Then R is a linear 
space. If k j v, then every point of P\ S is on at least one tangent. Zf k ) v, then 
every point of P\S is on 0 or k tangents. 
3. PROOF OF THEOREM 2 
Let P be a finite projective plane of order n, S a (v, k)-regular semioval 
with k > 3 and T 9 G < Aut P, where G stabilizes S and acts transitively on 
the secants and where T (called the translation group) is a minimal normal 
subgroup of G, is elementary abelian of order v =pd and acts regularly on 
S. The orbits of the subgroups of T provide S with the structure of an 
afIine space A z AG(d, p). 
Unless otherwise stated, G-orbits and T-orbits will be orbits of G and T 
respectively on the points of P. 
LEMMA 3. Any G-orbit 0 #S meets every secant (resp. tangent) in the 
same number CI (resp. t) of points, where cs > 1 and z 20, so that 
101 =no+zbn. 
Proof By hypothesis, G is secant-transitive, so that all secants meet 0 
in a constant number e of points. Since v = n(k - 1) + 1 with k > 3, every 
point of P\ S is on at least one secant, so that (T 2 1. Since T is transitive 
on S, and so on the set of tangents, 0 meets all tangents in a constant 
number z of points. The length of 0 is obtained by considering the n + 1 
lines through a point of S. 
Let Fix T (resp. Fix t) be the fixed point-set of the group T (resp. of a 
translation t E T). 
LEMMA 4. Fix T is empty, so that p 1 n* + n + 1. 
Proof: Fix T is stabilized by G because T 9 G. Suppose that Fix T # 4. 
Clearly, one of the following possibilities holds: Fix T is a subplane of P 
(possibly degenerate, i.e., a triangle), or Fix T is contained in a line of P, 
or G fixed a point. 
FINITE FLAG-TRANSITIVE SEMIOVALS 63 
If Fix T is not a subplane, then, by Lemma 3, Fix T is a line met by 
every tangent in one point and G acts transitively on Fix T. Therefore 
{x” 1 x E Fix T} is a partition of S into n + 1 classes of the same size, so that 
n + 11 u = n(k - 1) + 1, contradicting k 3 3. 
Therefore, Fix T is a subplane. Since any two lines of a subplane inter- 
sect inside the subplane, the secants intersect Fix T in only one point, and 
so, by Lemma 3, Fix T is a G-orbit and IFix TI = n + T for some r > 0. By 
a theorem of Roth [S, 4.1.61, IFix Tj = n + ,,&- + 1 or [Fix TI <n - 1, but 
the second possibility is excluded here. Hence any tangent intersects Fix T 
in z= $z+ 1 points and, since x -+ 0(x) is an injection from S into the 
line-set of Fix T, we have v<n +&+ 1, contradicting v=n(k- l)+ 1 
with k 2 3. 
LEMMA 5. There is a nontrivial translation fixing at least one point. 
Proof: Suppose to the contrary that the nontrivial translations are fixed 
point free. Then all T-orbits have length pd and so pdl n2 + n + 1. Since 
n=(pd-l)/(k-l), this forces pdIk2-3k+3, so that v<k2-3k+3 
which cannot hold in a 2 - (v, k, 1) design with u > k. 
If L is a subset of S, TL denotes the stabilizer of L in T. If L is an afline 
subspace of A, then the direction dir L of L is the orbit of L under T. 
LEMMA 6. Zf TL # 1 for some line L of S (resp. of n), then L is an affine 
subspace of A and all elements of dir L are lines of S (resp. of 7~). 
Proof: L is a union of T,-orbits, and these are afline subspaces of A 
belonging to a common direction. If L contains two points x and y in dis- 
tinct T,-orbits 0, and O,, then the translation t mapping x onto y maps 
0, onto O,, and so t 4 TL. This is absurd because L n t(L) contains 0, 
and IO,1 >p > 2 since TL # 1. Therefore L is a T,-orbit, that is an affine 
subspace of A. Since T acts transitively on dir L and since T preserves S 
(resp. rc), all elements of dir L are lines of S (resp. of rc). 
LEMMA 7. (i) k ( v iff the lines of S are subspaces of A 
(ii) klu*p>5. 
Proof Let L be any line of S. If TL # 1, then Lemma 6 shows that L 
is a subspace of A, and so k I u. If to the contrary TL = 1, then the same 
holds for all lines of S by the secant-transitivity of G, so that all the orbits 
of T on the set of lines of S have length 1 TI = v, and so v divides the total 
number no/k of lines of S which forces k 1 n. Hence k 1 u because (u, n) = 1. 
This proves (i) and that kin iff k t v. Now suppose that k 1 v and p < 5. 
Then pI(n-l)n(n+l). By Lemma4, pJn(n+l), and so pin-l. From 
pd + n - 1 = nk and from k ( n, we deduce that p 1 n, a contradiction. 
582a/57.‘1-5 
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LEMMA 8. kl u. 
ProoJ Suppose to the contrary that k i v. By Lemma 5, there is at least 
one point y fixed by some nontrivial translation t, so that y = y” is a union 
of p-cycles of t and y # 4 by Lemma 2. Hence y is a line of II, T, # 1 and 
y E Fix T,. Thus, by Lemma 6, y is a subspace of A of dimension 6 # d and 
0. Since T acts transitively on dir y and normalizes T,, for every element 2 
of dir y there is a point 5 in Fix T,, such that Z = z*. Conversely, for every 
point z in Fix Ty, zn is a union of T,-orbits and so is an element of dir y. 
Therefore (Fix T,I = [dir yI = pdP ‘. Since p # 3 by Lemma 7, we deduce 
from [8,4.1.16] that Fix T, is a subplane of pd-’ points. Ljunggren [ 141 
proved that the Diophantine equation u2 + u + 1 =pdeS has solutions in 
positive integers only if pdPd =p or 73. On the other hand, Bruck and Roth 
[3, 181 proved that no group can act regularly on a projective plane of 73 
points, as does T/T, on Fix T,. Hence d - 6 = 1 and y is a hyperplane of A. 
Since T is a minimal normal subgroup of G, there is at least one trans- 
lation t’ E T\T, which fixes at least one point y’. For the same reasons as 
above, the line y’ = (y’)” of n is a hyperplane of A. Since y and y’ intersect 
in a (6 - 1 )-dimensional subspace of A and since 7c is a linear space, 6 = 1, 
so that d = 2. 
Let d,, . . . . dl be the directions of lines of A which coincide with lines of 
rc. We already know that I> 2. For i = 1, . . . . 1, let t, be a nontrivial transla- 
tion stabilizing each line of di and let Fi = Fix ti. For i # j, ti and tj generate 
T, and so Lemma 4 forces Fin Fj= 4. By Lemma 7, no secant and no 
tangent can be stabilized by a nontrivial translation. Hence the secants and 
tangents intersect F, in at most one point. Since each point of F, is on p 
tangents and since 1 FJ =p, every tangent intersects every F, (in one point), 
so that all lines joining two distinct subplanes F, and Fj are tangents. 
Hence all tangents intersect F= F, u . . . u F[ in 1 points and all secants 
intersect Fin one point. Considering the n secants and the tangent through 
a point of S, we obtain 1 FI = n + 1. Therefore, Zp = n + 1, and so n = 1( p - 1). 
Since n = (p’ - 1 )/(k - I), we deduce that 
p+l=I(k-1). 1) 
Let u be the order of F1, so that p = u2 + u + 1. Consider now a line L 
stabilized by t, . Since L has n + 1 points and intersects Ft in u + 1 points, 
we have pin--u. Since n= (p2- l)/(k- l), it follows that pIu(k- l)+ 1. 
Multiplying the right hand side by 1 and using (1) yields 
plu+l. (2) 
Equation (1) and k B 3 imply that I< (p + 1)/2, which together with (2) 
gives p 6 224 + 1, where p = U* + ZJ + 1. Hence u = 1, and so p = 3, contra- 
dicting Lemma 7. 
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LEMMA 9. Every translation fixes some point lying on k tangents. 
Proof If the set F of all points fixed by at least one nontrivial transla- 
tion intersects some tangent 8, then x E Fn 8 is on k tangents by Lemmas 8 
and 2, and we are done. Assume now that no tangent intersects F, let Oi 
denote any G-orbit and let (TV = 1 Oi n LI, where L is any secant. Lemmas 8 
and 7 prove the existence of a nontrivial translation t in TL. Since T 4 G, 
any Oj is either in F or is disjoint from F. If Oi is disjoint from F, then t 
cannot fix a point of L n Oj, so that p 1 ui. If Oj is in F, then our assump- 
tion and Lemma 3 yield lOi = no,. Moreover Oi is a union of T-orbits, 
whose lengths are multiples of p by Lemma 4, so that p 1 noi. Since p t n by 
Lemma 4, we conclude again that p 1 oi. Therefore p 1 Zi bi = n + 1, contra- 
dicting Lemma 4. 
LEMMA 10. S = U,(2) rAG(2,3), P= PG(2,4), and G is any 
2-transitive subgroup of PRJ(3,2) in its usual action on S. 
Proof Let t be a nontrivial translation. By Lemmas 8 and 7 there is a 
secant L stabilized by t. By Lemma 9, there is a point y lying on k tangents 
and fixed by t. If M is a secant through y not stabilized by t, then t(M) n S 
is in dir(Mn S) and t(M) intersects M in y. Thus y E Fix TM, so that y” 
is a TM-orbit. Since t fixes y, this TM-orbit is stabilized by t, so that t E TM, 
a contradiction. Hence all secants through y are stabilized by t, one of the 
T,-orbits in S is y” and the other ones are the secants through y. Since T 
is transitive on the T,-orbits, these T,-orbits are the intersections with S 
of v/k nonconcurrent secants, any v/k - 1 of which are concurrent. This 
forces v/k= 3. It follows that k= 3, v=9, n=4, so that S= IIE Uu(2)s 
AG(2, 3). If for any XE P\S we replace xZ by the secant containing it and 
if, for any XE S, we define X* to be the tangent through x, the mapping 
n: x --f xX is a Hermitian polarity of P whose set of absolute points is S. 
Finally note that the flag-transitivity of G on S = AG(2, 3) forces G to be 
2-homogeneous of even order, and so 2-transitive. 
4. PROOF OF THEOREM 1 
Let S be a thick semioval in a projective plane P of order n and suppose 
that G d Aut P stabilizes S and acts flag-transitively on S. Since every point 
of P is on at least two lines intersecting S, the pointwise stabilizer of S in 
G is reduced to the identity, so that G acts faithfully on S. Hence the pair 
(S, G) satisfies the reduction theorem for finite flag-transitive thick linear 
spaces [S], so that one of the following holds. 
(i) Affine Case. G has an elementary abelian minimal normal sub- 
group T, acting regularly on S, 
(ii) Almost Simple Case. G has a non-abelian simple subgroup N 
such that N d G < Aut N and N acts flag-transitively on S. 
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In our context, the afhne case is covered by Theorem 2. In order to handle 
the almost simple case, we use the following result [6]: 
LEMMA 11. If N < Aut S is a nonabelian simple group acting jlag- 
transitively on a finite thick linear space S, then one of the following holds: 
(i) S=PG(d,q), N=PSL(d+l,q), d>2, 
(ii) S = PG(3, 2), N= Alt(7) 
(iii) S = U,(q), N = PSU(3, q), q 3 3 
(iv) S=U,(q), N=‘G2(q), q=32e+L>/27 
(v) S=W(q), N=PSL(2,q), q=2’38. 
Here U,(q) (resp. U,(q)) denotes the Hermitian (resp. Ree) unital of 
order q, while W(q) denotes the Witt-Bose-Shrikhande space with point- 
degree q+ 1 (see, e.g., [5]). Note that the smallest Ree unital U,(3) z 
W(8) does not stand in case (iv) but stands well in case (v). We are now 
ready to prove Theorem 1. 
If S = U,(q) with q > 27, then n = q2. Liineburg [15] proved that U,(q) 
cannot be embedded in a projective plane P of order ’ in such a way that 
the group ‘G2(q) acting on U,(q) is induced by an automorphism group 
OfP. 
If S = W(q), then n = q + 1 and k = q/2. Hence Lemma 1 forces q = 8 and 
n = 9. But Griming [9] proved that W(8) cannot be embedded in a projec- 
tive plane of order 9, a contradiction. 
Lemma 1 again prevents S from being a projective plane. Assume now 
that S = PG(d, q) with d > 3 and let i E N be an involutorial perspectivity of 
S. Then on the one hand Fix i contains a hyperplane of S, and so i cannot 
be a perspectivity of P, and on the other hand each of the n + 1 lines of P 
through the center of i in S is stabilized by i, a contradiction. 
Finally if S = U,(q), q > 3, then n = q* and a result of Hoffer [ 10 J leads 
immediately to the conclusion, 
5. THE ~-TRANSITIVE OVALS 
Let S be an oval in a projective plane P of order n and let G F Aut P 
preserve S and act 2-transitively on S. 
If n is odd, then P is Desarguesian, S is a conic and PSL(2, n) _a G < 
PTL(2, n), as proved by Korchmaros [: 131 extending a result of Kantor 
[12]. If n is even, then it is well known [8] that all tangents are concurrent 
in a point f; called the knot of S. Hence G fixesfand acts 2-transitively the 
lines through J It follows from results of Biliotti and Korchmaros Cl, 21 
that one of the following holds 
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(i) P = PG(2, q), S is a conic and P&5(2, q) I! G < PI’L(2, q), or 
(ii) n=24m+2, where m 3 1 and S.z(&) g G 6 Aut ST(&), or 
(iii) n = 0 (mod 4), n is not a power of 2, G has a minimal normal 
subgroup T which is elementary abelian acting regularly on S and whose 
orbits are (f}, a line L,, S, and n - 2 other ovals of P, and all involutions 
of G are shears of the aftine plane P\ L,. 
Case (ii) occurs in the duals of Ltineburg planes [16] but these are the 
only known examples of this type. Case (iii) might well be impossible. 
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